Cohomology of line bundles on a toric variety 
and constructible sheaves on its polytope 
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Abstract 



We explain a method for calculating the cohomology of line bundles on a 
toric variety in terms of the cohomology of certain constructible sheaves on the 
^ \ polytope. We show its effective use by means of some examples. 

< 

; 1 Introduction 

Let X be a toric variety (not necessarily smooth) over an algebraically closed field 
of characteristic zero, with T the embedded torus and let D be a torus-invariant 
Cartier divisor on X. It is a well known result (see jH E]) that the cohomology 
H P (X, O(D)) splits into a direct sum of weight spaces indexed by the character lattice 
M = Hom(T, C*), 

H p (X, 0{D)) = H p {X, 0{D)) m (1) 

mGM 

VO ■ 

There is a theorem of Demazure (see [I]) which says that each weight space can be 
r-| ■ written as a local cohomology group, calculated on the fan of X, 

H p (X,0(D)) m = H p z ^ m) (\A\,C) 

where Z(ip, m) := {v G |A| | (m, v) > ip(v)} and ip = v/jd as defined in section [2j 
^ ■ In this article we show that when X is projective, each weight space can also be 

written in terms of the cohomology of certain constructible sheaves on the polytope 
Px corresponding to X. 

Theorem 1.1. For all p > there are canonical isomorphisms: 

H p (X,0(D)) m ^H p (P x ,3,C w ) (2) 

where W = W(m,D) is the complement of Z(m, D) , a union of closed maximal 
dimensional faces of Px, j is the open inclusion of W(m, D) into Px and <C W is the 
constant sheaf on W . 
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Furthermore there is a short exact sequence of constructible sheaves (see (HE]), 

Cp x > i*i —Px 

^0 (3) 

where i is the inclusion of Z(m, D) into Px, which induces a long exact sequence of 
cohomology. Since j*C Px = C w and i*C Px = C z , we can see that the long exact 
sequence is: 

. . . — H p -\Z(m,D),C) — H p {P x ,j x C w ) — H p (P x ,C) — ■ ■ ■ 

whence we can calculate H p (Px, j\C w ) in terms of the complex cohomology on 
Z(m,D). 

Finally we remark that although the above has been stated in the projective case, 
if Y is a quasi-projective toric variety with a given embedding as an open subset of 
some projective toric variety X, then there is a corresponding open subset Py of the 
polytope Px and, restricting to Y and Py respectively, the proof works as in the 
projective case. 

Acknowledgement: I would like to express my deepest thanks to my supervisors: 
Dr. Gregory K. Sankaran who constructed the example that is considered in section HJ 
and Dr. Alastair King, for many long discussions and much valuable input. 

2 Definitions and notation 

In this section we define the objects and notation used in the proof. Let X = X(A) 
be an n-dimensional projective toric variety corresponding to some complete fan A 
in a lattice N = Z ra . We write A(r) for the set of r-dimensional cones in A, and label 
the set of generators in iV of the 1-dimensional cones by {ej | i G J}. It is well known 
(see [6]) that there is a 1-1 correspondence between prime torus invariant divisors and 
the elements of A(l), whence we shall denote these divisors {E { \ i G 1} respectively. 
Let M := Hom(iV, Z) = Z n be the dual lattice to N, with dual pairing (•,•), and let 
M R := M® z R^R n . 

Choose a divisor A = Yliei a *-^ which is Cartier and ample. There is a polytope 
in Mr associated to A, given by: 

Pa ■ = {u e Mm | (u, e*) > -a* Vi} 

= {u E M R I u > on |A| = Ar} 

where the A-linear support function ipA '■ |A| — ^ K. is determined by the property 
^A^i) — ~ a i f° r a h is/. For any cone a G A we define: 

T a : = {u G Mr I (u, ej) = — cij Ve^ G |cr|, and (u, e^) > — a* otherwise} 
= {«£ Mr I m = ^ on |<t|, m > ijiA on |A|\|cr|} 
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This is open in its closure T a = {u G M K \ u — ip^ on \a\, u > on |A|\|a|} an d is 
thus locally closed. It can be seen that this defines a stratification {T a } ae A of Fa by 
locally closed sets indexed by the cones a G A. Since A is ample, each of these T a is 
non-empty. There is a natural partial order on the strata given by: 

T _ CT ^ ^ (T _ T 



Lemma 2.1. 

Proof. By definition rCa trivially implies T a <0 T T . Conversely suppose u G T CT CT T . 
Then it > ^ on |A|\|<r| an d & lso it = ^ on |r| whence |r| C |ct|. □ 

A very similar argument shows that T a can be written as a union of the strata: 

%={jT T (4) 

Note: As a topological object with a stratification by locally closed subsets, Pa is 
actually independent of the choice of ample divisor A on X and depends only on 
A(X) (ie. on X). Thus in general we write Px for this object when we don't want 
to specify a particular ample divisor and we treat the strata {T a } a£/ \ as well defined 
subsets of this. From equation (Tj0) we see that any closed maximal dimensional face 
T/ e \ is a union of strata depending only on the fan and is therefore also well defined 
in P x . We denote it by F e C Px- 

Lemma 2.2. There exists a cover of Px by open sets of the form V a := {J tC(7 T t 

The proof of this is straightforward and left to the reader. 
Lemma 2.3. For any a G A 7 V a is a contractible space. 

Proof. V a is convex: Let a, b G V a so a G T T and b G T 7 for some r, 7 C a. Let 
e G |A|, then 

(ta + (1 - t)£>, e) = t{a, e) + (1 - £)(&, e) > ^(e) 

for t G (0,1), since (a, e) > V^( e )> an d (i,e) — V'A(e), with equality if and only if 
e G |r fl 7|. Thus ta + (1 — t)b G T rn7 C V a . □ 

Let D = Xliej De a torus invariant divisor which is Cartier and fix some 
m G M. We define a (closed) subset of Px by: 

Z(m,D):= |J F e! 

{iG/|(m,ei}<-cii} 
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a union of closed maximal dimensional faces of Px and we define 

W(m,D) := P x \Z(m,D) 
the complementary open subset of Px- Let 

j:W(m,D)^P x 
be the open inclusion of W(m, D) into Px- 

Lemma 2.4. For any a G A, V a H Z(m, D) is either empty or it is contractible. 

Proof. : Suppose V a fl Z(m, D) = U{ e g/|(m e><-d e }(-^e H V a ) is non-empty. Then each 
non-empty set F e fl in the union contains T CT , since 



F e nv a = {jT T n{jT s 



r9e 5Ctr 



and the {T Q } a£ A partition Px- They are also convex as F e and V a are both convex 
subsets. If s G T<j, then the constant map / : V a fl Z(m, D) — > {s} is a homotopy 
equivalence since / o i = id{ s y where i : {s} V a fl Z(m, D) is the inclusion and 

F : (K n Z(m, D)) x [0, 1] -> (V a n Z(m, £>)) 
(a, £) I— > tm + (1 — t)a 

is a well defined, continuous map such that F(— , 0) = idv„nZ{m,D) and F(— , 1) = to/ 
so i o / ~ id VtT nz(m,D)- Thus fl Z(m, D) ~ {s}. □ 



3 Proof of Theorem 11.1 

We begin with a lemma. 

Lemma 3.1. Let a G A and j a : V a Px fre tne inclusion. Then: 

H l (y a ,jl3,C w )=Q V*>0 
Proof. First note that io- _1 (W / ) = W r\V a and we have the commutative diagram 



VP Px 
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where j a : W D V a V a is the inclusion. Then using equation 6.13 on page 111 of 
Iversen [H] 

(ja)*j\C w =f\Ua)*C w 

We note that (ja)*C w = C WnVa = (j a )*C V(T so (ja)*j\C w = j a \(j a )*C v<7 . Since f is 
the inclusion of an open set in V a and letting i a : V a H Z ^ V a denote the inclusion 
of its complement, there is a well known short exact sequence of sheaves (see [HIS]): 

— r-CfTCv, — &v a — ^(0%, — > (5) 
This induces a long exact sequence of cohomology: 

. . . — > ^(v; nz,C)^ ^ +1 (K,j CT ! (j <T )*C y J — tf m (K,Q — > ... 

Using this and applying Lemmas 12.31 and 12.41 the result follows. □ 

The rest of the proof follows the same strategy as the proof of Demazure's Theorem 
given in pQ. We start by considering the left hand side of equation (j2J). There is a 
natural covering of X(A) by affine open sets U a with a £ A and intersections of such 
sets are of the same form. By Serre's Theorem this covering is acyclic, and thus the 
cohomology H l (X,0(D)) is the same as the i-dimensional cohomology of the Cech 
complex with this covering: 

C*({U a } aeA , 0{D)) = (• • • -*+ H°(U a , 0(D)) -±> . . . ) ( 6 ) 

17 

There is a natural M-grading on each term of the complex and this grading is 
preserved by the differentials. The m-th piece of the cohomology, H l (X,0(D)) m 
equals the 2-dimensional cohomology of the complex of m-th pieces. 

Now we look at the right hand side of (J2J) • From Lemma 12.21 there is an open 
covering of Px by the sets {V a } a( z A) and by Lemma I3~T1 this cover is acyclic. Therefore 
by Leray's theorem, the cohomology H l (Px, j\C w ) is the i-dimensional cohomology 
of the Cech complex 

C*({V a } aeA , 3l C w ) = (• • • H (V ai3l C w ) - ■ ■) (7) 

cr 

Finally we show that the two spaces H (U a ,O(D)) m and H°(V a ,j\C w ) are both 
isomorphic to either C or for given a and m. Then since the open covers for the 
two Cech complexes are indexed by the same set and the differentials are defined in 
terms of restriction maps which in both cases correspond to the identity map on C 
or zero, it can be seen that the cohomology of the complexes is the same. 
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We know (from [U E]) that H° (U a , O (D)) m = C when m belongs to the set 
{u G M K | u > tpf) on \a\} and is otherwise. On the other hand consider again the 
first part of the long exact sequence induced by equation (JSj) : 

— H°{V ai3 :j,C w ) — H°(V a ,C) — H°(Z(m,D) n K,C) — 

Obviously if°(V^, jiCjy) is isomorphic to C when Z(m,D) n 14 is empty and is 
otherwise. However 

Z(ro, D)nK = ^ F e nK = Ur r n|jT j = Ve G {e; | (m, e<) < -di} 

-<=>- (m,ei) > —di Ve; G |a| 

<^=^> m G {« G M k I u > on \<r\} 

Remark We can extend the result to cases when the toric variety is quasi-projective. 
Suppose Y = Y(E) is a quasi-projective toric variety embedded via a toric morphism 
as an open subset of a projective toric variety X. There is a natural cover of Y by 
affine open pieces {U a \ a G £}. On the polytope Px there is a corresponding open 
cover {V a \ a G S} of an open subset Py of Px- Restricting to Y and Py, the rest 
of the proof follows through; these covers are both acyclic as before, there are two 
corresponding Cech complexes (which are sub-complexes of the graded version of (J6j), 
and ([Zj)) and by the computation above it can be seen that they are the same. 



4 Example 

As a proof of concept we do a calculation. Any toric quiver variety comes with a 
natural collection of line bundles, the universal bundles. It was shown by Altmann 
and Hille (Theorem 3.6 of pQ) that for any smooth Fano toric quiver variety the 
universal bundles form a strongly exceptional collection. The example here is not 
Fano and was constructed so that neither the Kawamata-Viehweg vanishing theorem 
nor Theorem 2.4(h) from [TT] is sufficient to prove the vanishing of the Ext's between 
all the universal bundles. Thus these vanishing theorems can not be used to show 
that the collection of universal bundles is strongly exceptional. We show here by 
direct calculation that it is, and furthermore extend the collection to produce a full 
strongly exceptional collection. 
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Consider the following quiver Q with weights at the vertices as labelled. 
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-2 



Let Qo be the set of vertices and Q\ the set of arrows. There are two maps h, t : 
Qi Qo taking an arrow to its head and tail respectively. The corresponding 
toric quiver variety X (see [S]), is smooth and complete and has rays generated by 
{ei = (e 3 + e 4 ), e 2 = -(e 3 + e 4 ), e 3 , e 4 , e 5 , e 6 = -(e 4 + e 5 ), e 7 = (e 4 + e 5 )}. There is a 
correspondence between the prime torus invariant divisors on X and elements of Q\. 
The universal bundles {C v \ v G Qo} satisfy the property that Cha <S> >Q a = 0(E a ) 
for all a G Qi and are unique up to a twist. Let {e^e^e^} be the dual basis of 
{e 3 , e 4 , e 5 } and then M is the integer lattice generated by {e 3 , , }. The polytope 
Px is three dimensional, the stereographic projection of which is shown below. 




Consider again the long exact sequence of cohomology induced by the short exact 
sequence ((3]): 

. . . — W(Z(m, D),C) — > W + \P x ,j,C w ) — H' l+ \P X , C) — . . . 

where Z(m, D) is some collection of closed faces of the polytope Px- Looking at all 
possible unions of closed faces we see that topologically, there are five possibilities. 
From the long exact sequence above it can be seen which of these contributes to each 
non-zero cohomology, and the table below lists all of these. Thus H l (Px, j\C w ) = C 
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for all Z in the row E l = C and H*(P x ,jiC w ) = for all other Z. We use the 
notation 

and let 

J := {{1, 2}, {3, 4}, {3, 7}, {4, 5}, {5, 6}, {6, 7}, 

{3, 4, 7}, {3, 4, 5}, {4, 5, 6}, {5, 6, 7}, {3, 6, 7}} 

contain those sets J such that Fj has two connected components. We denote the 
complement of J in {1, 2, 3, 4, 5, 6, 7} by J c . 



H° = C 


Z(m, D) ~ 


Z = 


H 1 = C 


Z(m,D) ~ {pt}x{pt} 


Z = Fj for J G J 


H 2 = C 


Z(m,D) ~ S 1 


Z = Fj for J c G J 


H 3 = C 


Z(m,D) ~ S 2 





Let O(D) be any invertible line bundle on X. We can choose D to be of the form 
D := + C/2-E2 + (IqEq + d 7 E 7 , a torus-invariant Weil divisor which is Cartier, 
since Pic(X) is rank 4 and generated by {E\, E2, E&, E 7 }. Then from the table above, 
using the decomposition in equation (JTJ and applying Theorem 11.11 it can be seen 
that H (X,O(D)) ^ if and only if there exists m G M such that Z(m,D) = 0. 
This holds if and only if 

3m := m 3 e3 V + m^e^ + m^e^ G M such that (m, e») > — dj Vz 
3m 1 ,m 2 , m 3 G Z where m ; > 0, —d\ < m 3 + m 4 < d 2 ; — ^7 < m 4 + m 5 < ^6 
^ < (di + d 2 ), < (de + d 7 ), d 2 > 0, d 6 > 

Similarly E 1 (X, O(D)) ^ if and only if there exists m G M such that Z(m, D) = Fj 
for some J c G J. Treating each case separately, we obtain a list of all the regions 
in Pic(X) where E l (X, O(D)) is nonzero. We can then produce a complete list of 
regions in Pic(X) where each co homology group is nonzero either by continuing the 
process or applying Serre Duality. The list of these 24 regions is given in tabular form 
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below. 



#V 


i 


0< (di + d 2 ), 


< (d 6 + d 7 ), < d 2 , < d 6 


H 1 ^ 


2 


-2 > (dj + d 2 


), < (d 6 + d 7 ), -1 > d l5 < d 6 




3 


0< (di + d 2 ), 


< (d 6 + d 7 ), 2 < di, 1 < (di + d 6 ) 




4 


0< (di + da), 


< d 6 , -1 > d 7 , 1 < (di + d e ), 2 < (d x - d 7 ) 




5 


0< (di + da), 


< (d 6 + d 7 ), 2 < d 7 , 1 < (d 2 + d 7 ) 




6 


o< (di + d 2 ), 


1 < (rf 2 + rf 7 ), < d 2 , 2 < (d 2 -d 6 ) 




7 


0< (di + tZa), 


-2 > (d 6 + d 7 ), < d 2 , -1 > d 7 




8 


0< (di + d 2 ), 


1 < (di + d 6 ), 2 < di, 2 < (d a - d 7 ) 




9 


0< (di + da), 


< (d 6 + d 7 ), 2 < di, 2 < d 7 




10 


0< (di + d 2 ), 


1 < (d 2 + d 7 ), -3 > d 6 , 2 < d 7 , 2 < (d 2 - d 6 ) 




11 


0< (di + da), 


-2 > (d 6 + d 7 ), < d 2 , 2 < (d 2 - d 6 ) 




12 


0< (di + da), 


-2 > (d 6 + d 7 ), -1 > d 7 , 2 < (di - d 7 ) 




13 


0< (di + da), 


-2 > (d 6 + d 7 ), 2 < di, -3 > d 6 




14 


-2 > (di + d 2 


), -2 > (d 6 + dr), -1 > di, -3 > (d x + d e ) 




15 


-2 > (di + d 2 


), -3 > de, 2 < d 7 , -3 > (di + d 6 ), -2 > (d x - d 7 ) 




16 


-2 > (d x + d 2 


), -2 > (d 6 + d 7 ), -1 > d 7 , -3 > (d 2 + dr) 




17 


-2 > (di + d 2 


), -3 > (d 2 + ch), -3 > d 2 , -2 > (d 2 - d 6 ) 




18 


-2 > (di + d 2 


), < (d 6 + d 7 ), -3 > d 2 , 2 < d 7 




19 


-2 > (d x + d 2 


), -3 > (di + d 6 ), -1 > d x , -2 > (di - d 7 ) 




20 


-2 > (di + d 2 


), -2 > (d 6 + d 7 ), -1 > di, -1 > d 7 




21 


-2 > (di + d 2 


), -3 > (d 2 + d 7 ), < d 6 , -1 > d 7 , -2 > (d 2 - d 6 ) 




22 


-2 > (di + d 2 


), < (d 6 + d 7 ), -3 > d 2 , -2 > (d 2 - d 6 ) 




23 


-2 > (di + d 2 


), < (d 6 + d 7 ), 2 < d 7 , -2 > (di - d 7 ) 




24 


-2 > (d x + d 2 


), -2 > (d 6 + d 7 ), -3 > d 2 , -3 > d 6 



Using this table it can easily be confirmed that the universal bundles form an ex- 
ceptional collection. For each pair of line bundles C p and C q in the collection we 
wish to calculate the cohomology of C q ® C* p = O(D), where D is chosen so that it 
is a linear combination of the generators {Ei, E 2 , E 6 , E 7 } of Pic(X). For example, if 
p is the vertex with weight 8 and q is the vertex with weight -2, then C q ® C* = 
0(—E\ + E 2 + Ee — Er). Looking at the table, the only region which contains the 
point (d\,d 2 ,de,dr) = (—1,1,1,-1) is region 1 and so there is no higher cohomology. 
Similarly there is no higher cohomology for all other pairs of line bundles in the uni- 
versal collection. Thus the Ext's between all pairs of line bundles in the collection 
are zero and the universal bundles form a strongly exceptional collection. 

4.1 Buchsbaum-Rim 

We digress slightly to describe a generalised Koszul complex called the Buchsbaum- 
Rim complex, see [12] Appendix C. We will then use this in our example to construct 
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a collection of line bundles which extends the collection of universal bundles {£ v | 
v £ Qo} on X and which by construction spans the derived category D b (X). Then 
using the cohomology calculation above once more, we show that this collection is 
actually strongly exceptional. 

Let V,W be vector bundles of ranks m,n over an arbitrary base, and let / : W — > V 
be a bundle map. Then the Buchsbaum-Rim complex (K*, d*) is as follows: K = V, 
K\ = W with d\ — / and then 

K r+1 = K m+r+1 {W) <g> S r {V*) ® det V* 

For n > 2, the maps d n are defined to be interior product with / : W — > V regarded 
as a section of W* <8> V and di : A m+1 (V4 / ) ® det V* — > W is interior product with 
A m (/) : A m (V^) -> A m (V) regarded as a section of A m (W*) <g> A m (V). The complex 
(X*, d*) is exact away from the support of coker/, and in particular since it has length 
n — m + 1, if the support of coker/ is in codimension n — m + 1, then the complex is 
a resolution of coker/ ([2])- 

Any toric quiver variety X comes with a presentation of the diagonal in X x X: 

agQi ueQo 

where the components of this map are (fi a Kl 1 — 1 £3 0*. The ranks of these bundles 
are n = |Qi| and m — \Q \ respectively, and the support of the cokernel of this map 
(i.e. the diagonal in X x X) has codimension equal to the dimension of X, namely 
n — m + 1. Therefore from above we can see that Buchsbaum-Rim complex for this 
presentation is a resolution of the diagonal Oa in X x X. Each term of the complex 
consists of a product of line bundles on each side of the M. Taking all the line bundles 
that appear on either one side or the other gives a collection which spans D b (X) 
(PU). We have: 

s r (v*) ® det(v*) = [6d c- p ^ ) m ( (9) c p v w 



© (®C p(w) W<8>/£ 

-{i,2,...} Wq / \veQo 



p-Qo 



R:Q!— {0,1} \aGQi / VaeQi 



fl(o) 



|i?| = m+r + l 



where |P| := ^2 ve n ^i v ) anc ^ l-^l := SaeQi -^(°0- Therefore the duals of the line 
bundles that appear on the right hand side of the M are the universal bundles C v , for 
v G Qo and 
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for every P : Q -»• {1, 2, . . . } and R : Qi -> {0, 1} such that m + 1 < |P| + 1 = < 



Calculating these in the example above, we obtain the collection of ten line bundles 
corresponding to the vertices in the quiver below. The arrows which correspond 
to Horn's between the bundles are decorated with the labels of the corresponding 
divisors, i.e. an arrow from C p to C q is labelled 1+5+7 when C q ® £* = 0{E\ + E 5 + 



Again for each pair of line bundles C p and C q in the collection we wish to calculate 
the cohomology of C q ® C* = O(D). By looking at the table above it can be seen 
that for each such pair, the divisor D does not lie in any of the regions of Pic(X) 
where H l (0(D)) ^ for i > 0. Hence there is no higher cohomology, so the Ext's 
between all pairs of line bundles in the collection are zero. Thus we have a full strongly 
exceptional collection of line bundles on our toric variety. 

4.2 Bondal's Collection 

Given any smooth toric variety X, Bondal has described a method to produce a 
candidate collection of line bundles on X, which for a certain class of Fano varieties 
is expected to be strongly exceptional. In this section we determine this collection 
in the case of our non-Fano example from section HI and show that it is not strongly 
exceptional. This is not unexpected but gives another illustration of the method. 
For any toric variety X and I G N, there is a well-defined toric morphism 



n. 



E 7 ). 



4 




m-.X^X 
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which restricts, on the torus T, to the map 

■ki-.T -> T, t^t 1 
In the case when X is smooth then the direct image, 

X 

is a direct sum of line bundles indexed by the characters of the /-torsion subgroup of 
T. This is because the map 717 is the quotient of X by this group. The set B of line 
bundles which occur as summands of this direct sum for all sufficiently large I exists 
and is given by 

d 

8={0{D) \D:=-Y^{(e i ,m)}E i , m G M Q } 
i=i 

d n 

={0{D) \D:=J2 L(e*,m}J E u m = ^m t e\ G M Q , < rm < 1} 

i=i i=i 

where Mq = M ®^ Q and {a} = a — \_a\ > is the fractional part of a, for a G Q. 
(For a more general construction one can instead consider (tti)*Ox(D) for some divisor 
D.) In the example this produces a collection of 12 line bundles corresponding to the 
vertices of the quiver below, where the top vertex corresponds to Ox- 




p 5 3 
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Note that the quiver: 




3 



is a subquiver. This subquiver is also contained in the quiver corresponding to the 
full strongly exceptional collection on X which we produced above. It can be seen 
that, up to a twist, the duals of the universal bundles are contained in B. There are 
however Ext^s between some of the line bundles in the collection. Consider £ p and 
C q where p and q are labelled on the quiver above. It can be seen from the quiver 
that C q ® C* p ^ 0(-E 1 + 2E 2 ), so d x = -1, d 2 = 2, d 6 = d 7 = 0. Then looking back 
at the table from the cohomology calculation, we see that these satisfy the sixth set 
of inequalities, so 

We find that there are no Ext 2 's between any of the line bundles. All the Ext^s are 
shown below: 




One may check that no subcollection containing any ten of these line bundles is 
strongly exceptional and thus there is no full strongly exceptional subcollection of B. 
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